
LEARNER INFORMATION

Surname: ........................................................................................

Full Names: ........................................................................................

Student Number: ........................................................................................

INSTRUCTIONS:

This question paper consists of 7 questions (pp. 1-13), formula sheet (p. 14) and
statistical tables (pp. 15-17). Please ensure that your question paper is complete.

1) Answer all the questions on the question paper.

2) Show all your workings: you have to prove that you understand the work.

3) All answers should be motivated/supported by workings: no marks will be awarded
for guesses/unsupported answers (even when correct).

4) You may use a pocket calculator.

5) Give numerical answers correct to four decimal places, unless otherwise stated.

6) This is a closed book test. Ensure that you have no notes in your possession.

7) No electronic communication devices are permitted. Make sure that all devices are
switched off.

8) Make yourself proud.

Mark:
65
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QUESTION 1 [7]

1.1) How would you respond to a friend who asks you, “How can we say that the sam-
ple mean is a random variable when it is just a number, like the population mean?
For example, a simple random sample of size 50 produced X̄ = 938.5; how can the
number 938.5 be a random variable?” (2)
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1.2) Let X1, X2, . . . , Xn be a simple random sample (without replacement). Find an
expression for the V ar(X̄). You may assume that (5)

Cov(Xi, Xj) = − σ2

N − 1
, for all i ̸= j.
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QUESTION 2 [13]

Let X1, ..., Xn be independent and identically distributed (i.i.d.) random variables with
pdf :

fX(x|θ) =
2

θ2
(θ − x), 0 ≤ x ≤ θ.

2.1) Find an estimator for θ by using the method of moments. (4)
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2.2) Calculate the bias, variance, and mean squared error for the estimator θ̂ = 3X̄. (7)
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2.3) Is the estimator θ̂ = 3X̄ a sufficient statistic for θ? Show your work to support your
answer. (2)
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Suppose that X1, . . . , Xn is a random sample from a uniform distribution on the interval
(θ1, θ2), with pdf as follows:

f(X|θ) =
{

1
θ2−θ1

, θ1 ≤ x ≤ θ2
0, otherwise.

Also suppose that the values of θ1 and θ2 are unknown (−∞ < θ1 < θ2 < ∞). Find the
maximum likelihood estimators (MLE’s) of θ1 and θ2.
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4.1.1) Prior distribution for a parameter θ. (1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4.1.2) Posterior distribution for a parameter θ. (1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4.1.3) Bayes estimator, θ. (1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Statistics Department Page 5 of 17



Exam Paper C Distribution Theory and Inference STA2B10/STA02B2

4.2) Devore (1991) reports data on the number of scratches per item for n = 150 newly
manufactured items. A total of 317 scratches were observed. If the observations are
regraded as a random sample from a Poisson distribution, with mean θ.

4.2.1) Using a prior distribution of θ that is Gamma with positive parameters α and λ
respectively. Find the posterior distribution. (5)
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4.2.2) Find the Bayes estimator, θ̂, using a squared error loss function. (1)
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4.2.3) Show that the Bayes estimator in 4.2.2 can be written as a weighted average of
X̄ and the prior mean for θ. (2)
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QUESTION 5 [12]

Let X1, ..., X25 be a sample from a normal distribution with a variance of 100.

5.1) Find the rejection region for a test at level α = 0.1 of H0 : µ = 0 versus HA : µ = 1.5.
(8)
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QUESTION 6 [9]

Suppose that X1, . . . , X25 are independent and normally distributed random variables
with mean µX and variance 100, and that Y1, . . . , Y25 are independent and normally
distributed random variables with mean µY and variance 100. Suppose the test rejects
H0 if X̄ − Ȳ > 0.75.

6.1) Calculate the power of the test for testing H0 : µX = µY , if µX = µY +1 for a paired
design with Cov(Xi, Yi) = 50. (5)
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6.2) The power of the two-sample t test depends on four factors. List theses four factors.
(4)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

QUESTION 7 [9]

Let

(x1, y1), (x2, y2), ..., (xn, yn)

denote n pairs of observations, where

yi = −axi + εi, i = 1, 2, ..., n.

7.1) Show that (3)

n∑
i=1

ε2i =
n∑

i=1

y2i + 2a
n∑

i=1

xiyi + a2
n∑

i=1

x2
i .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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7.2) Show that

â = −

n∑
i=1

xiyi

n∑
i=1

x2
i

,

when
n∑

i=1

ε2i

is minimised. (5)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

7.3) Interpret the result obtained in Question 7.2. (1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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FORMULA SHEET

Bernoulli Distribution

� p(x) = px(1− p)1−x, x = 0, 1

� E(X) = p

� V ar(X) = p(1− p)

Binomial Distribution

� p(x) =
(
n
x

)
px(1− p)n−x, x = 0, 1, 2, . . .

� E(X) = np

� V ar(X) = np(1− p)

� MX(t) = (1− p+ pet)n

Geometric Distribution

� p(x) = p(1− p)x−1, x = 1, 2, . . .

� E(X) = 1
p

� V ar(X) = 1−p
p2

� MX(t) = etp
1−(1−p)et

Poisson Distribution

� p(x) = λxe−λ

x! , x = 0, 1, 2, . . .

� E(X) = λ

� V ar(X) = λ

� MX(t) = eλ(e
t−1)

Normal Distribution

� f(x) = 1√
2πσ2

e−
1

2σ2 (x−µ)2 , −∞ < x < ∞

� E(X) = µ

� V ar(X) = σ2

� MX(t) = eµte
σ2t2

2

Standard Uniform Distribution

� f(x) = 1, 0 ≤ x ≤ 1

� E(X) = 1
2

� V ar(X) = 1
12

� MX(t) = et−1
t

Gamma Distribution

� f(x) = λα

Γ(α)x
α−1e−λx, x ≥ 0

� E(X) = α
λ

� V ar(X) = α
λ2

� MX(t) =
(

λ
λ−t

)α
, t < α

Exponential Distribution

Special case of Gamma with α = 1

Chi-Square Distribution

The Chi-Square with n degrees of freedom is
the special case of Gamma with α = n

2 and
λ = 1

2 .

Beta Distribution

� f(x) = Γ(a+b)
Γ(a)Γ(b)x

a−1(1−x)b−1, 0 ≤ x ≤ 1

� E(X) = a
a+b

� V ar(X) = ab
(a+b)2(a+b+1)

Statistics Department Page 14 of 17



Exam Paper C Distribution Theory and Inference STA2B10/STA02B2

Cumulative Normal Distribution - Values of P
Corresponding to zp for the Normal Curve.

z is the standard normal variable. The value of P
for −zp equals 1 minus the value of P for +zp; for
example, the P for -1.62 equals 1 - .9474 = .0526.

zp 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879
0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389
1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319
1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441
1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706
1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767
2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817
2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857
2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890
2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936
2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986
3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
3.1 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993
3.2 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995
3.3 0.9995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997
3.4 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998
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Critical Values for Student’s t Distributions

df t0.60 t0.700 t0.800 t0.90 t0.950 t0.9750 t0.99 t0.995
1 0.325 0.727 1.376 3.078 6.314 12.706 31.821 63.657
2 0.289 0.617 1.061 1.886 2.920 4.303 6.965 9.925
3 0.277 0.584 0.978 1.638 2.353 3.182 4.541 5.841
4 0.271 0.569 0.941 1.533 2.132 2.776 3.747 4.604
5 0.267 0.559 0.920 1.476 2.015 2.571 3.365 4.032
6 0.265 0.553 0.906 1.440 1.943 2.447 3.143 3.707
7 0.263 0.549 0.896 1.415 1.895 2.365 2.998 3.499
8 0.262 0.546 0.889 1.397 1.860 2.306 2.896 3.355
9 0.261 0.543 0.883 1.383 1.833 2.262 2.821 3.250
10 0.260 0.542 0.879 1.372 1.812 2.228 2.764 3.169

11 0.260 0.540 0.876 1.363 1.796 2.201 2.718 3.106
12 0.259 0.539 0.873 1.356 1.782 2.179 2.681 3.055
13 0.259 0.538 0.870 1.350 1.771 2.160 2.650 3.012
14 0.258 0.537 0.868 1.345 1.761 2.145 2.624 2.977
15 0.258 0.536 0.866 1.341 1.753 2.131 2.602 2.947

16 0.258 0.535 0.865 1.337 1.746 2.120 2.583 2.921
17 0.257 0.534 0.863 1.333 1.740 2.110 2.567 2.898
18 0.257 0.534 0.862 1.330 1.734 2.101 2.552 2.878
19 0.257 0.533 0.861 1.328 1.729 2.093 2.539 2.861
20 0.257 0.533 0.860 1.325 1.725 2.086 2.528 2.845

21 0.257 0.532 0.859 1.323 1.721 2.080 2.518 2.831
22 0.256 0.532 0.858 1.321 1.717 2.074 2.508 2.819
23 0.256 0.532 0.858 1.319 1.714 2.069 2.500 2.807
24 0.256 0.531 0.857 1.318 1.711 2.064 2.492 2.797
25 0.256 0.531 0.856 1.316 1.708 2.060 2.485 2.787

26 0.256 0.531 0.856 1.315 1.706 2.056 2.479 2.779
27 0.256 0.531 0.855 1.314 1.703 2.052 2.473 2.771
28 0.256 0.530 0.855 1.313 1.701 2.048 2.467 2.763
29 0.256 0.530 0.854 1.311 1.699 2.045 2.462 2.756
30 0.256 0.530 0.854 1.310 1.697 2.042 2.457 2.750

35 0.255 0.529 0.852 1.306 1.690 2.030 2.438 2.724
40 0.255 0.529 0.851 1.303 1.684 2.021 2.423 2.704
60 0.254 0.527 0.848 1.296 1.671 2.000 2.390 2.660
120 0.254 0.526 0.845 1.289 1.658 1.980 2.358 2.617
∞ 0.253 0.524 0.842 1.282 1.645 1.960 2.326 2.576
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Percentiles of the χ2 Distributions

df χ2
0.005 χ2

0.010 χ2
0.025 χ2

0.05 χ2
0.10 χ2

0.900 χ2
0.950 χ2

0.975 χ2
0.990 χ2

.995

1 0.00 0.00 0.00 0.00 0.02 2.71 3.84 5.02 6.63 7.88
2 0.01 0.02 0.05 0.10 0.21 4.61 5.99 7.38 9.21 10.60
3 0.07 0.11 0.22 0.35 0.58 6.25 7.81 9.35 11.34 12.84
4 0.21 0.30 0.48 0.71 1.06 7.78 9.49 11.14 13.28 14.86
5 0.41 0.55 0.83 1.15 1.61 9.24 11.07 12.83 15.09 16.75

6 0.68 0.87 1.24 1.64 2.20 10.64 12.59 14.45 16.81 18.55
7 0.99 1.24 1.69 2.17 2.83 12.02 14.07 16.01 18.48 20.28
8 1.34 1.65 2.18 2.73 3.49 13.36 15.51 17.53 20.09 21.95
9 1.73 2.09 2.70 3.33 4.17 14.68 16.92 19.02 21.67 23.59
10 2.16 2.56 3.25 3.94 4.87 15.99 18.31 20.48 23.21 25.19

11 2.60 3.05 3.82 4.57 5.58 17.28 19.68 21.92 24.72 26.76
12 3.07 3.57 4.40 5.23 6.30 18.55 21.03 23.34 26.22 28.30
13 3.57 4.11 5.01 5.89 7.04 19.81 22.36 24.74 27.69 29.82
14 4.07 4.66 5.63 6.57 7.79 21.06 23.68 26.12 29.14 31.32
15 4.60 5.23 6.26 7.26 8.55 22.31 25.00 27.49 30.58 32.80

16 5.14 5.81 6.91 7.96 9.31 23.54 26.30 28.85 32.00 34.27
17 5.70 6.41 7.56 8.67 10.09 24.77 27.59 30.19 33.41 35.72
18 6.26 7.01 8.23 9.39 10.86 25.99 28.87 31.53 34.81 37.16
19 6.84 7.63 8.91 10.12 11.65 27.20 30.14 32.85 36.19 38.58
20 7.43 8.26 9.59 10.85 12.44 28.41 31.41 34.17 37.57 40.00

21 8.03 8.90 10.28 11.59 13.24 29.62 32.67 35.48 38.93 41.40
22 8.64 9.54 10.98 12.34 14.04 30.81 33.92 36.78 40.29 42.80
23 9.26 10.20 11.69 13.09 14.85 32.01 35.17 38.08 41.64 44.18
24 9.89 10.86 12.40 13.85 15.66 33.20 36.42 39.36 42.98 45.56
25 10.52 11.52 13.12 14.61 16.47 34.38 37.65 40.65 44.31 46.93

26 11.16 12.20 13.84 15.38 17.29 35.56 38.89 41.92 45.64 48.29
27 11.81 12.88 14.57 16.15 18.11 36.74 40.11 43.19 46.96 49.64
28 12.46 13.56 15.31 16.93 18.94 37.92 41.34 44.46 48.28 50.99
29 13.12 14.26 16.05 17.71 19.77 39.09 42.56 45.72 49.59 52.34
30 13.79 14.95 16.79 18.49 20.60 40.26 43.77 46.98 50.89 53.67

40 20.71 22.16 24.43 26.51 29.05 51.81 55.76 59.34 63.69 66.77
60 35.53 37.48 40.48 43.19 46.46 74.40 79.08 83.30 88.38 91.95
120 3.07 3.57 4.40 5.23 6.30 18.55 21.03 23.34 26.22 28.30
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