Question 1 (Marks: 18)

(a) The radiative transfer equation can be written in the following form:

dl,

— = -, + J,. 1

. j (1)

(i) Rewrite the transfer equation with intensity as a function of optical depth, 7,
ie.

dl,
“=—1,+5,.
dr, *
2]
(ii) What is the name of the function provided by S,? What is its mathematical
definition? 2]

(iii) Derive the formal solution for the radiative transfer equation shown in equation
2 below. 3]

L(1,) = L(0)e™ + / e~ 8, (7)) dr, (2)
0

(b) (i) What is the probability that a photon will travel to an optical depth of 7,7 [1]

(ii) Using the probability found in 1.(b)(i), write down an integral which defines the
mean optical depth, (7,) travelled by a photon. 3]

(iii) Briefly explain the concept of mean free path using the equation
(1,) = al, =1

as well as an illustrative example involving a photon moving through a cloud of
absorbing gas. 3]

Question 2 (Marks: 14)

(a) Briefly explain, in words, the difference between blackbody radiation and thermal
radiation in words using the concepts of intensity (7,), source function (S,) and
Planck function (B,). [4]

(b) Derive the Rayleigh-Jeans law from B, (T"). Name the portion of the electromagnetic
spectrum where this law is most applicable. [4]
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(¢) A supernova remnant detected with the MeerKAT L-band receiver (central frequency,
vy = 1.28 GHz) and has a brightness temperature of T = 4600 K. What is the specific
intensity of this source? 3]

(d) Bjs and By are the Einstein coefficients for absorption and stimulated emission. The
transition probabilities of (i) absorption and (ii) stimulated emission depend on J.

(i) Write down mathematical statements for the transition probabilities of (i) and
(i). [1]

(ii) Briefly explain why the transition probabilities for (i) and (ii) depend on J. [2]

Question 3 (Marks: 10)

The following are Maxwell’s equations in a vacuum containing no charges or current such
that p=0and J = 0:
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The above four fundamental principles (Maxwell’s equations) that lead to the following
solutions which describe travelling waves,

ﬁ _ CAl,lEoeiE. r—wt
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(a) Name all four of Maxwell’s equations alongside their corresponding equations (for a
medium within which the current and charge densities are non-zero). 2]
(b) Derive expressions for Fy and By. [6]
(¢) Show that w = ck and E, = B,. 2]

Question 4 (Marks: 13)

The Lorentz transformations, and their inverse, relate space and time co-ordinates between
two reference frames K and K’ moving with a constant speed v relative to each other along
the x-axis using the following equations,
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t'=~(t—v'/*), 2 =vy(x—vt),y =y, 2 =2

!/

t=~{t'+va' /), z =~ +ot'),y=vy, 2=z

L__ is the Lorentz factor which is defined as 3 = v/c

Here, v = i

Figure 1: A particle has a velocity of u’ within the K’ frame which advances at velocity of
+wv in the z-direction relative to the K frame.

(a) If the velocity of a particle is u’ in the K’ frame, as shown in Figure 1, derive
expressions for the velocity components,

U

U= T
and .
U, = uL

A1+ ufo /)

which are parallel and perpendicular to ¥ in the K frame, respectively. Furthermore,
u’H and v/, are the particle’s velocity components parallel and perpendicular to ¥ in
the K’ frame. [5]

(b) Show that the transformation of acceleration is,
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Question 5 (Marks: 10)

A particle moving relativistically emits radiation with an angular distribution of power
within the instantaneous rest-frame K’ according to the equation:

P ¢ (Y’aj+adl)
dQ  4mwed (1 — Bp)t

sin? @’ (3)
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Figure 2: The dipole radiation pattern for a particle at instantaneous rest within frame
K.

(a) Derive the equation for the angular distribution of power when the acceleration is
parallel to the velocity such that

sin’ @

sin2@ = ———
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(b) Derive the equation for the angular distribution of power when the acceleration is
perpendicular to the velocity such that

in? f cos® ¢
sin?@ =1 0 7% 9
V(1 = Bp)?

3]

(c) Draw a diagram showing the dipole pattern of radiation emitted by a particle when:

(i) the particle is at rest. 2]

(ii) the particle with a parallel acceleration (a)) and velocity. 2]

Question 6 (Marks: 15)

(a) Draw a detailed diagram of a relativistic electron accelerating in a helical path within
a uniform magnetic field. Label the velocity vector (and its components) as well as
the acceleration. [4]

(b) Derive equations for the parallel and perpendicular acceleration of the electron as it
accelerates in the helical trajectory shown in your diagram 3]

(c) Write the Compton scattering equation
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in terms of wavelength. 6]

(d) Write down the equation for the Compton wavelength. 1]

(e) Re-write the equation you obtained in 6.(c) to include the Compton wavelength. [1]

BONUS QUESTION:

(f) Assuming that an electron, with Lorentz factor of 4y = 10°® is immersed in a radia-
tion field of CMB (cosmic microwave background) photons that emit radiation as a
Planck distribution of have temperature T' = 2.73 K. A magnetic field of strength
B = 10 Gauss passes through the radiation field which has an initial photon energy
density of Upy, = 10%® erg cm™3.



(i) Calculate the Compton power, Poompt, of the radiation scattered by the electron.
[4]

(ii)) Draw a diagram showing the scattering geometry for incident and resultant
Compton emission in the rest frame of the observer (frame K') and (ii) the rest
frame of the electron (frame K’). [4]

(iii) What is the ratio of the Compton power, Pcompt, to the synchrotron power,
Psynch? [2]



EQUATION SHEET:

Equations
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B — uH
e = p =1 (in vacuo)

me = 9.1 X 1028 g
¢e = 4.8 x 10710 esu
L = LQ/’}/
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(fg) = frg+ fg

Yy — frg—rfg
(Ly = Lo
Constants

c=2.998 x 10'° cm 57!
h = 6.626 x 10727 erg s
k=1.381x 1071 erg K!

0=567Tx10"ergcm 2K *s7!
a=2="756x10"" erg cm* K

Ry = 695 500 km
Lo = 3.85 x 103 erg s7!



