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Question 1 (20 marks)

(a)
(b)

Let f: I — R be continuous, where I is a closed interval in R. State the
conditions required to apply the Bisection Method to f.

Given f (z) = 2ze® — 2cosx on [0, 1], with reference to the Bisection Method,
determine the minimum number of iterations required to have an accuracy of
107 in the root. If no root exists on the interval, then write “No root exists.”

Given f(x) = 2ze” — 2cosx, use the Bisection Method to approximate a root
of f on [0, 1], accurate to 3 decimal digits. If no root exists on the interval, then
write “No root exists.”

Apply the fixed point iteration to — sinx + 2x = 2 four times, with z¢y = % Use
an accuracy of 6 decimal digits throughout.

Determine if the fixed point iteration applied in the previous question will con-
verge.

Question 2 (20 marks)

(a)

(b)

1
Consider the task of approximating / e dx using the Composite Trapezoidal

0
rule. How large should n and h be chosen in order to ensure that the error is at
most 0.0017

The composite trapezoidal rule is applied with h = 0.2 to approximate the
integral

1
]:/ z(1+ 2%)dx.
0

i. Complete the table below leaving your solutions correct to four decimal
places.

z; [0]02[04]06]08]1
fa) /A B | C|D]|E

ii. Find the approximate value of I on [0, 1] using the composite trapezoidal
rule.

Find the approximate value of the integral I = foﬂ/ 6o cos(2z) dx using Gaus-
sian quadrature with n = 2, the nodes t; = —0.577, t; = 0.577 and coefficients
c1 = ¢ = 1. All your solutions should be expressed correct to three decimal
points.
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Question 3 (20 marks)
Let f(z) = —xsin (2x) + 2%, 29=0, =z =03, z,=0.7.
(a) Find Lagrange interpolating polynomial for f(z) using the three given nodes.
Solution:

£(0) = 0, £(0.3) = —0.0793927; f(0.7) = —0.199815

Lo(x) = S35 = 4.76190(x — 0.7)(z — 0.3)
_ (z=0)(z—0.7)
_ (z=0)(z—0.3)

Py(x) = f(0)Lo(x) + f(0.3) Ly () + f(0.7) Lo(x)
= 0.661606(x — 0.7)z — 0.713624(x — 0.3)x = —0.0520181z% — 0.249037x
(b) Using the nodes xg and z1, construct the Hermite interpolating polynomial H3(x)
for f(z) using the Lagrange coefficient polynomials.
Solution:
£(0) = 0, £(0.3) = —0.0793927
f(x) = 22 —sin(2z) — 2z cos(2x), f'(0) = 0, f/(0.3) = —0.459844

Lo(z) = gg g ;’j —3.33333(z — 0.3)

Ly(x) = 3555 = 3.33333¢

Li(z) = —3.33333, L’ (x)=3.33333

Ho(z) = [1 — 2(z — 0)L4(0)]L2 = 11.1111(z — 0.3)%(6.66667x + 1)
Hi(w) = [1 = 2(z — 0.3) Ly (0)]L} = 11.1111(1 — 6.66667(x — 0.3))2”
Ho(w) = (v = 0)L = 11.1111(z — 0.3)%

Hy(z) = (x —0.3)L2 = 11.1111(z — 0.3)x>

Hy(x) = f(0)Ho(x) + f(0.3)Hy(x) + f'(0)Ho(x) + f'(0.3)H, ()

—37.03722(z — 0.3) — 0.882142(1 — 6.66667(x — 0.3))2* — 37.037x(x — 0.3)?
= —68.19312° + 30.686922 — 3.33333x

(c) Determine the natural cubic spline that interpolates the data

fO) =1, f3) =2, f(8) =
and find the approximate value of f(0.2).
Solution:

So(z) = ag+ box + cox® + doz?,
Sl(x) = Gl+b1<£€—3)+Cl($—3>2+d1($—3)3,
h() = 3,h1:5,a0:(),a1:1,@2:2,a3:3,00:0220

1 0 0 1 00 0
A = | h 20ho+h) o |=(3 16 5 |, b= | Hez—w) w0
0 0 1 00 1
Co

)

|
(23]}

[en}
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So from Ax = b, we have 16¢; = —% implying ¢; = —0.025; and the rest of the
parameters are given in the table below

ag ‘ bo ‘ Co ‘ do ‘ ai ‘ by ‘ C1 ‘ d;
1 ]0.358333 | 0 | —0.00277778 | 2 | 0.283333 | —0.025 | 0.00166667

So(x) = —0.00277778%° + 0.358333z + 1 on [0, 3],
Si(z) = 0.00166667(x — 3)* — 0.025(x — 3)% + 0.283333(z — 3) + 2, on [3,8]

_ J So(x),0n [0,1]
Ste) = {Sl(x),on 1,3] S

£(0.2) = S(0.2) = S,(0.2) = 1.07164.

(d) The cubic Legendre polynomial is Ps(x) = %(5:03 — 3z). Prove that it is orthog-
onal (over [—1, 1]) to all polynomials of degree 2.
Solution:
Let the general polynomial of degree 2 be given by Lo(z) = ax? + bz + c,

Then
1
1 Py(x)Lo(x )dx = f L 2(5x3 — 3z)(az® + bx + ¢)dz
/ 5a:c 3 N 5bx* B 3ba? N 5cx’ e I
_ 2 2 2 2
1 6 2 1
{5 ( (5e — 3a) + 5(? + ba® — ba® — 30; )] 3

da 3c 1/1 oa 3c

T herefore Py(z) is orthogonal to all polynomials of order 2.

l\i)l»—l

Question 4 (20 marks)

(a) Develop a first-order method for approximating f”(x) which uses the data
f(x—=3h), f(zx+2h), f(x)and f (z + 5h).

(b) Using the most accurate centered difference formula, approximate f” (1) and
then state the error in the approximation, given f (z) = sec(x) + z, for each
h € {0.1,0.01,0.001}. Use an accuracy of 6 digits throughout.

Question 5 (20 marks)

(a) Given the initial value problem

d
x+y+sm(x+y)+cos(xy)—£:O, y(0) =0,

approximate y (1), with A = 0.1 using Euler’s Method.

(13)

(10)



APMO02B2/APM2B10 - Special Examination 4/4

(b) The Runge-Kutta method of order 2 (RK2) with h = 0.1 is used to solve

dy
dx — %Y

with y(0) = 1 in order to find y(0.3) correct to four decimal places. Assuming
that the local error in RK2 is given by

3

h
€ir1 = Ey"'(ﬁ), € € [z, x41),

estimate an upper bound for the global error at x = 0.3.
Solution:

A3 = €3 + €9 + i€ S0 that

51
|As] < max|e,|(1+ a+ a?) = max |e,,| (a ) where
[0,0.3] [0,0.3] a—1

a = max |a,,| =1+ hmax |F,|, h=0.1.
[0,0.3] [0,0.3]

3

max |e,,| = max |—y"”| = max

h3 ) )
[0,0.3] [0,0.3]| 6 [0,0.3] E(fm + 2ffzy + f fyy + f:vfy + ffy)
f$:y7fy:x7f$x:fyy:0, fﬁlfy::l

Jow +2f foy + [P fyy + fofy + [ 1] = 2%y + 3ay

1 1
= In%zy + lhaty — MU 4 M 4 gy — 4
Fy="r e e bye—g
From RK2
) 0 1 2 3

z; | 0] 0.1 0.2 0.3
f(z;) | 1]0.955 | 0.921193 | 0.897518

a =1+ hmax|F,| = 1+ hmax{0.45,0.354,0.257,0.159} = 1.045

[0,0.3]

max |€,,| = max

h3
0,0.3] [0,0.3] E(fmm + fozy + f2fyy + fmfy + ff;)

h3 h3
=% max{0, 0.287455, 0.560085, 0.832} = 5(0.832) = 0.000138667

ad — 1 1.045% — 1
< — (0. U ) .
23] < max | < — ) (0.000138667) ( O ) 0.000435001

END OF QUESTION PAPER



