PHY8X17 2020 (v1.2): Formulas and Identities

Chapter 1: Series

e Taylor series: f(x) = f(a)+ (z —a)f'(a) + ("’“" “ f"( =y 0 n‘ (n)(a)
e Shifted Taylor series: f(z+h) =) "7, %Lf(”) (w)

e Maclaurin series: f(z) = f(0) + zf'(0) + g—?f”(o) +o=30 %f(n) (0)

e Power series: f(z) = ap + a12 + a2z + azz® + ... = > 0% s aza”

Binomial expansion: (1+ z)™ = 1+xm+%m(m—1)—|—...+%T;m(m—1)...(m—n+1)+...
!
IEmeN: (L+2)™ =30 simsie” = 2o () 2"

Chapter 2: Ordinary Differential Equations

e First order ODE: dy = f(z,y) = _ggizg

Separable ODE: P(z)dz + Q(y)dy = 0 = [ P(z)dz + fy y)dy =0

Exact ODE: dp = g—idx + g—zdy =0= p(z,y) = fzo P(x,y)dz + ;i) Q(x0,y)dy = constant

Linear ODE: £ +p( Yy =q(x) = y(z) = ﬁ [[* a(z)q(z)dz + C] = y2(x) + y1(2)
with a(z) = exp [ [* p(z)dz]
Second order linear ODE: ¢ + ¢(x)y’ + q(x)y = f(z)

e Series solution: y (z) = z* (ap + a1z + agz® +...) = Y222 g a;a**7 with ag # 0

Chapter 4: Green’s Functions
e Green’s function: LG(r,r2) = 0(f1 — I'2)

e ODE: y(t1) = [ G(F1,T2) f(¥2) dT

e Second order ODE of form di (p( )d—y) +q(z)y = f(x):
y(w) = Aya(a) [ 2 (1) (0) At + Ay (@) [ y2(6)F(2) dt with Aly(0)pa(r) = v (D2()] = 5y

Chapter 5: Complex Variable Calculus

e Cauchy-Riemann conditions: % = %’ %Z = gz

z—20

zp), 2o within the contour
Cauchy integral formula: - ¢, 1) 4, = f(z0), 20 ‘
0, zgp exterior to the contour

Derivatives: f”)(zo) n! fc (&dz

2mi z—zg)" L

Laurent series: f(z) =00 an(z — 20)" with ap, = 5= $,, % dz’

n=—oo '—20

Residue theorem: § f(z)dz = 2mi(a_1,z + a1 +a—1,z + ...) = 2mix (sum of enclosed residues)
with o1 = Gy [ 45 (2 — 20)™ £ (2)]

2=20

Cauchy principal value: { f(z)dz = limgs_,o+ fm*& fle)dz + [, s f(x)dx



Chapter 6: Orthogonal Polynomials
For ODEs of form p(z)y” + q(x)y’ + Ay = 0 with p(z) = ax?® + Sz + v and q(z) = px + v:

e Rodrigues formula: y,(z) = ﬁdd;; [w(z)p(z)"] = w(m 27” f (Z ) n+1 Tdz

with w(x) = p~texp (fz %dw)

e Generaing functions: g(z,t) = 3", ¢ fn(2)t" = 532 e t" 2L § w(@p(2)" 4.

w(x) (z=a)" T

Chaper 7: Fourier Series

e Fourier Szeries: f(@) =% +3 0 japcosne + Y oo bysinne =Y 00 cp,e™ with
ap = % wa(s) cosnsds, n=20,1,2,...,
by, = % 0% f(s)sinnsds, n=1,2,...,
Cn = %(an —iby), C—p = %(an + iby,) and ¢g = %ag

Chapter 8: Integral Transforms
e Fourier transform (1D): g(w) = \/% fi’ooo f(t)eiwtdt

e Fourier sine/cosine transform (1D): g(w) = \/% I~ () sin(wt)dt, g(w) = \/% Jo° f(t) cos(wt)dt

e Inverse Fourier transform (1D): f(t) = \/% 7 g(w)e™idw
e Fourier transforms (3D): g(K) = W ff(f")eiifd?’r, f(¥) = W fg(l‘{')e*“zfd?’k

e Properties: FT[f(F—R)] = 'E'ﬁg(k)qF{“[f( P = Lgla'K); FT[f(—F)] = g(~k);
FT[f*(—9)] = g* (K); FTIVf(¥)] = —ikg(K); FT[V2f(F)] = —k?g(K)
e Laplace transform: f(s) = [;~ e 5 F(t)dt

e Properties: LT {f(fF x)
LT[F(t —b)] = e f(s);
27rz fBJF’LOO Stf(s

dx} Lf(s); LTIF(at)] = Lf(2); LTI F ()] = f(s — a);
LT[0 ()] = £ (s); LT [£0] =

Chapter 9: Calculus of Variations

e Functional to be optimised: J[y f;lz f ( ), d%(f) , :c) dx

e Euler equation: %—%%ZOOT%_%O’_%%):O

of

e Generalised Euler equation: i S 2 O —

7 d:c7 OYij

. _ Oy;
= 0 with Yij = Bi’j

e Lagrange multipliers f under constraints g;: aj; Z?Zl )\j% =0



Cartesian coordinates

o V=7_%4

- 2_ 9%, 9%, 9
27 .v_8x2+8y2+8z2

So

s+
Cylindrical coordinates

e x=pcos¢;y=psing; z ==z

o A, = A cosp+ Aysing
Ay = —Azsing + Ay cos o
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Spherical coordinates
e r=rcos¢sinf; y =rsin¢sinb; z = rcosf

o A, = Azcospsind + Aysingsind + A, cost
Ap = Az cospcost + Aysingcos — A, sind
Ay = —Azsing + Ay cos ¢

o) 2 1 o)
r2 or [ F, ] rsin 00 [Sln 0F9] rsm@ 3¢> [FM

* Vf = irig [Sin‘g% (P 5:f) + & (sin05F) + sa a¢2f]

e V. F=1

Identities
e (AxB)-C=A-(BxC) o V. (A x
e Ax(BxC)=B(A -B)-C(A-B) .

V(fg) = fVg+gVf
V- (fA)=(Vf)-A+ f(V-A)

V/(1/R) =

B) =

R/r2,

4-(V><A)— q-(Vxﬁ)
VX (7K) = (V1) x A+ (9 x K)
V(1/R) = —R/r?,



