
PHY8X17 2020 (v1.2): Formulas and Identities

Chapter 1: Series

• Taylor series: f(x) = f(a) + (x− a)f ′(a) + (x−a)2
2! f ′′(a) + . . . =

∑∞
n=0

(x−a)n
n! f (n)(a)

• Shifted Taylor series: f(x+ h) =
∑∞

n=0
hn

n! f
(n)(x)

• Maclaurin series: f(x) = f(0) + xf ′(0) + x2

2! f
′′(0) + . . . =

∑∞
n=0

xn

n! f
(n)(0)

• Power series: f(x) = a0 + a1x+ a2x
2 + a3x

3 + . . . =
∑∞

n=0 anx
n

• Binomial expansion: (1 + x)m = 1+ xm+ x2

2!m(m− 1) + . . .+ xn

n!m(m− 1) . . . (m− n+ 1) + . . .

If m ∈ N: (1 + x)m =
∑∞

n=0
m!

n!(m−n)!x
n =

∑∞
n=0

(
m
n

)
xn

Chapter 2: Ordinary Differential Equations

• First order ODE: dy
dx = f(x, y) = −P (x,y)

Q(x,y)

• Separable ODE: P (x)dx+Q(y)dy = 0⇒
∫ x
x0
P (x)dx+

∫ y
y0
Q(y)dy = 0

• Exact ODE: dϕ = ∂ϕ
∂xdx+ ∂ϕ

∂y dy = 0⇒ ϕ(x, y) =
∫ x
x0
P (x, y)dx+

∫ y
y0
Q(x0, y)dy = constant

• Linear ODE: dy
dx + p(x)y = q(x)⇒ y(x) = 1

α(x)

[∫ x
α(x)q(x)dx+ C

]
≡ y2(x) + y1(x)

with α(x) = exp
[∫ x

p(x)dx
]

• Second order linear ODE: y′′ + q(x)y′ + q(x)y = f(x)

• Series solution: y (x) = xs
(
a0 + a1x+ a2x

2 + . . .
)
=
∑∞

j=0 ajx
s+j with a0 6= 0

Chapter 4: Green’s Functions

• Green’s function: LG(~r1,~r2) = δ(~r1 −~r2)

• ODE: y(~r1) =
∫
G(~r1,~r2)f(~r2) dτ

• Second order ODE of form d
dx

(
p(x)dydx

)
+ q(x)y = f(x):

y(x) = Ay2(x)
∫ x
a y1(t)f(t) dt+Ay1(x)

∫ b
x y2(t)f(t) dt with A [y′2(t)y1(t)− y′1(t)y2(t)] = 1

p(t)

Chapter 5: Complex Variable Calculus

• Cauchy-Riemann conditions: ∂u
∂x = ∂v

∂y ,
∂u
∂y = − ∂v

∂x

• Cauchy integral formula: 1
2πi

∮
C

f(z)
z−z0 dz =

{
f(z0), z0within the contour

0, z0 exterior to the contour

• Derivatives: f (n)(z0) =
n!
2πi

∮
c

f(z)
(z−z0)n+1dz

• Laurent series: f(z) =
∑∞

n=−∞ an(z − z0)n with an = 1
2πi

∮
C

f(z′)
(z′−z0)n+1 dz

′

• Residue theorem:
∮
f(z) dz = 2πi (a−1,z0 + a−1,z1 + a−1,z2 + . . .) = 2πi×(sum of enclosed residues)

with a−1 =
1

(m−1)!

[
dm−1

dzm−1 ((z − z0)mf(z))
]
z=z0

• Cauchy principal value: −
∫
f(x)dx = limδ→0+

∫ x0−δ f(x)dx+
∫
x0+δ

f(x)dx
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Chapter 6: Orthogonal Polynomials

For ODEs of form p(x)y′′ + q(x)y′ + λy = 0 with p(x) = αx2 + βx+ γ and q(x) = µx+ ν:

• Rodrigues formula: yn(x) =
1

w(x)
dn

dxn [w(x)p(x)n] = 1
w(x)

n!
2πi

∮
c
w(z)p(z)n

(z−x)n+1 dz

with w(x) = p−1 exp
(∫ x q(x)

p(x)dx
)

• Generaing functions: g(x, t) =
∑

n cnfn(x)t
n = 1

w(x)

∑∞
n=0 cnt

n n!
2πi

∮
c
w(z)p(z)n

(z−x)n+1 dz

Chaper 7: Fourier Series

• Fourier Series: f(x) = a0
2 +

∑∞
n=1 an cosnx+

∑∞
n=1 bn sinnx =

∑∞
n=−∞ cne

inx with

an = 1
π

∫ 2π
0 f(s) cosnsds, n = 0, 1, 2, . . . ,

bn = 1
π

∫ 2π
0 f(s) sinnsds, n = 1, 2, . . . ,

cn = 1
2(an − ibn), c−n = 1

2(an + ibn) and c0 =
1
2a0

Chapter 8: Integral Transforms

• Fourier transform (1D): g(ω) = 1√
2π

∫∞
−∞ f(t)e

iωtdt

• Fourier sine/cosine transform (1D): g(ω) = 2√
2π

∫∞
0 f(t) sin(ωt)dt, g(ω) = 2√

2π

∫∞
0 f(t) cos(ωt)dt

• Inverse Fourier transform (1D): f(t) = 1√
2π

∫∞
−∞ g(ω)e

−iωtdω

• Fourier transforms (3D): g(~k) = 1
(2π)3/2

∫
f(~r)ei

~k·~rd3r, f(~r) = 1
(2π)3/2

∫
g(~k)e−i

~k·~rd3k

• Properties: FT [f(~r− ~R)] = ei
~k·~Rg(~k); FT [f(α~r)] = 1

α3 g(α
−1~k); FT [f(−~r)] = g(−~k);

FT [f∗(−~r)] = g∗(~k); FT [∇f(~r)] = −i~kg(~k); FT [∇2f(~r)] = −k2g(~k)

• Laplace transform: f(s) =
∫∞
0 e−stF (t)dt

• Properties: LT
[∫ t

0 F (x)dx
]
= 1

sf(s); LT [F (at)] =
1
af(

s
a); LT [e

atF (t)] = f(s− a);

LT [F (t− b)] = e−bsf(s); LT [(−t)nF (t)] = f (n)(s); LT
[
F (t)
t

]
=
∫∞
s f(x)dx;

F (t) = 1
2πi

∫ β+i∞
β−i∞ estf(s)ds

Chapter 9: Calculus of Variations

• Functional to be optimised: J [y] =
∫ x2
x1
f
(
y(x), dy(x)dx , x

)
dx

• Euler equation: ∂f
∂y −

d
dx

∂f
∂yx

= 0 or ∂f
∂x −

d
dx

(
f − yx ∂f

∂yx

)
= 0

• Generalised Euler equation: ∂f
∂yi
−
∑

j
∂
∂xj

∂f
∂yij

= 0 with yij ≡ ∂yi
∂xj

• Lagrange multipliers f under constraints gj :
∂f
∂xi
−
∑k

j=1 λj
∂gj
∂xi

= 0
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Cartesian coordinates

• ∇ = ∂
∂x x̂+ ∂

∂y ŷ + ∂
∂z ẑ • ∇2 = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2

Cylindrical coordinates

• x = ρ cosφ; y = ρ sinφ; z = z

• Aρ = Ax cosφ+Ay sinφ
Aφ = −Ax sinφ+Ay cosφ
Az = Az

• ∇ · ~F = 1
ρ
∂
∂ρ [ρFρ] +

1
ρ
∂
∂φ [Fφ] +

∂
∂z [Fz]

• ∇2f = 1
ρ
∂
∂ρ

(
ρ ∂
∂rf
)
+ 1

ρ2
∂2

∂φ2
f + ∂2

∂z2
f

Spherical coordinates

• x = r cosφ sin θ; y = r sinφ sin θ; z = r cos θ

• Ar = Ax cosφ sin θ +Ay sinφ sin θ +Az cos θ
Aθ = Ax cosφ cos θ +Ay sinφ cos θ −Az sin θ
Aφ = −Ax sinφ+Ay cosφ

• ∇ · ~F = 1
r2

∂
∂r

[
r2Fr

]
+ 1

r sin θ
∂
∂θ [sin θFθ] +

1
r sin θ

∂
∂φ [Fφ]

• ∇2f = 1
r2 sin θ

[
sin θ ∂∂r

(
r2 ∂

∂rf
)
+ ∂

∂θ

(
sin θ ∂

∂θf
)
+ 1

sin θ
∂2

∂φ2
f
]

Identities

• (~A× ~B) · ~C = ~A · (~B× ~C)

• ~A× (~B× ~C) = ~B(~A · ~B)− ~C(~A · ~B)

• ∇(fg) = f∇g + g∇f

• ∇ · (f ~A) = (∇f) · ~A+ f(∇ · ~A)

• ∇ · (~A× ~B) = ~B · (∇× ~A)− ~A · (∇× ~B)

• ∇ × (f ~A) = (∇f)× ~A+ f(∇× ~A)

• ∇(1/R) = −R̂/r2, with ~R = ~r−~r′

• ∇′(1/R) = R̂/r2, with ~R = ~r−~r′
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