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Question 1 [3+2+2.5]
(a) Determine if the following sequences are graphical. For each graphical se-
quence construct a graph having this sequence as a degree sequence:

(i) 4,4,2,2,1,1, (ii) 5,5,4,3,2,1.
(b) Let s : d1, d2, . . . , dn be a graphical sequence. Prove that the sequence
s′ : d1, d1, d2, d2, d3, d3, . . . , dn, dn, that is the sequence of length 2n in which
every entry of s is repeated, is graphical.
(c) Use the adjacency matrix of the graph below to determine the number of
walks of length 4 from v1 to v2.

v3 v4

v1 v2

Question 2 [2+1.5+2]
(a) Let G be a graph of order n and size n− 1 with the property that removing
any edge increases the number of components of G. Prove that G is a tree.
(b) Let T be a tree. 75% of the vertices of T have degree 1, while the remaining
25% have degree 3. Determine the order of T .
(c) Decide for each of the following sequences if it is the degree sequence of a
tree. If it is, is every graph with this degree sequence a tree? Give reasons.
(i) 4, 4, 2, 2, 1, 1, 1, 1, 1, 1, (ii) 4, 4, 2, 2, 1, 1.

Question 3 [2.5+3+2]
(a) Let T be the tree below. Determine its Prüfer code.

2 7 3 5 9

6

4

8 1

(b) Determine the labelled tree with Prüfer code 1515. Show your working.
(c) Determine the number of labelled trees with vertex set {1, 2, . . . , n} in which
vertices 1 and 2 are leaves.
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Question 4 [2.5+2.5]
(a) Use the matrix-tree theorem to determine the number of spanning trees of
the graph below.

v5

v4

v3

v1
v2

(b) Use Kruskal’s algorithm to find a spanning tree of minimum weight of the
following weighted graph. Show every step of the algorithm.

v1
v2

v3

v8
v9

v4

v7 v5
v6

4 2

3 3
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7

8

7

2

9 9

5 6

Question 5 [3.5+2+2.5]
(a) Let G be a k-connected graph, k ≥ 2, and let v1, v2, . . . , vk be k different
vertices. Assume that G has a cycle C that contains v1, v2, . . . , vk−1. Show that
G contains a cycle that contains v1, v2, . . . , vk (and possible other vertices).
(b) Let G be a graph of order 21, minimum degree 10 and maximum degree 20.
Determine λ(G). Give two different reasons for your answer.
(c) True or false? Let k ∈ N with k ≥ 2. If G is a k-connected graph and u, v, w
three distinct vertices of G, then there exist k− 1 internally disjoint paths from
u to v, none of which contains w. Give a proof or a counter-example.

Question 6 [2.5+2.5]
(a) Let G1 and G2 be two vertex disjoint connected graphs. Let v1 be a vertex
of G1 and v2 a vertex of G2. Is the following statement always true, sometimes
true, or always false? The graph H, obtained from G1 and G2 by adding the
edge v1v2, is Eulerian. Give reasons for your answer.
(b) Let G be a 3-regular graph. Assume that it is possible to add three edges
to G to obtain an Eulerian graph. Determine the number of vertices of G.
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Question 7 [1.5+1+2.5+2]
(a) Let a ∈ N with a ≥ 2. Let G be the complete bipartite graph Ka,a. Prove
that the closure of G is complete.
(b) Let a ∈ N with a ≥ 1 Give two different proofs that the complete bipartite
graph Ka,a+1 has a Hamilton path.
(c) Give an example of a 3-connected graph that does not have a Hamilton
cycle. Prove that your graph does not have a Hamilton cycle.
(d) Determine the toughness of the following Hamiltonian graph. Give reasons.

Question 8 [2+2+2]
(a) Decide if the following graph has a strong orientation. If yes, find such an
orientation.

(b) True or false? Every Eulerian graph has a strong orientation. Give reasons.
(c) Decide if the graph in (a) has an Eulerian orientation. If no, give reasons.
If yes, find such an orientation.
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