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Question 1 [3+2+2.5]
(a) Determine if the following sequences are graphical. For each graphical se-
quence construct a graph having this sequence as a degree sequence:

(i) 4,4,3,3,3.1,  (ii) 5,5,4,4,3,1.

(b) Let s : di,da,...,d, be a graphical sequence. Prove that the sequence
s:n—-1-d,,n—1—d,_1,...,n—1—d; is graphical.

(c) Use the adjacency matrix of the graph below to determine the number of
walks of length 4 from vy to vs.
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Question 2 [2+1+2]
(a) Let Ty and T, be two vertex disjoint trees. Let T be the graph obtained
from 77 and Ty by choosing a vertex vy of 77 and a vertex vy of T, then
adding a new edge vivy. In other words, V(T) = V(T1) UV (T,) and E(T) =
E(T1) U E(Tz) U {viva}. Prove that T is a tree.

(b) Let T be a tree of order 9. The degrees of eight vertices are given: One
vertex has degree 5, three vertices have degree 2, four vertices have degree 1.
What is the degree of the ninth vertex? Give reasons.

(¢) Decide for each of the following sequences if is the degree sequence of a tree.
If it is, is every graph with this degree sequence a tree? Give reasons.

(i) 4,3,2,1,1,1,1,1, (i) 3,3,3,2,1,1, 1.

Question 3 [2.54342.5]
(a) Let T be the tree below. Determine its Priifer code.
8 6 1
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(b) Determine the tree with Priifer code 1,5, 5, 5.

(c) Let T be a labelled tree. Assume that the Priifer code of T is known, except
for one missing entry: 1,3,5,5, ,4,9,6. List all possible values for the missing
entry? Give reasons for your answer.



Question 4 [2.5+2.5]
(a) Use the matrix-tree theorem to determine the number of spanning trees of
the graph below.
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(b) Use Kruskal’s algorithm to find a spanning tree of minimum weight of the
following weighted graph. Show every step of the algorithm.

Question 5 [3.54+2.5+2.5]
(a) Let G be a connected graph. Assume that G has a minimum edge-cut S
and a component G; of G — S such that every vertex in G; is, in G, incident
with at least one edge of S. Prove that A(G) = §(G).

(b) Let G be a graph with minimum degree §. Let H be the graph obtained from
G by adding a new vertex z and edges from z to every vertex in G. Determine
A(H). Give reasons for your answer.

(¢) Let G be a k-connected graph of order n. Prove that the diameter of G
cannot be greater than 1 + "T’z

Question 6 [3+2.5]
(a) Let G be a graph in which every vertex has degree 3 or 5. Prove or disprove:
If G, the complement G, is connected, then G is Eulerian.

(b) Let G be an Eulerian graph. Prove that no edge of G is a bridge.



Question 7 [1.5+42.5+2]
(a) Let a € N with a > 2. Let G be the complete bipartite graph K, ,. Choose
three different sufficient conditions for Hamiltonian graphs from the lecture and
apply them to show that G is Hamiltonian. (Do not prove that G is Hamiltonian
by constructing a Hamilton cycle.)

(b) Show that the following graph is NOT Hamiltonian.

(c) Given n € N with n > 3. Determine the toughness of the graph K,, — e, the
graph obtained from K, by removing an edge.

Question 8 [2+2+2]
(a) Decide if the following graph has a strong orientation. If yes, find such an
orientation.
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(b) True or false? Every 1-tough graph with at least 3 vertices has a strong
orientation. Give reasons.

(c) Decide if the graph in (a) has an Eulerian orientation. If no, give reasons.
If yes, find such an orientation.



