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INSTRUCTIONS:

1. The paper consists of 2 printed pages, including the front page.

2. Read the questions carefully and answer all questions in the provided booklets.

3. You are allowed a copy of the book General Topology by Stephen Willard.



1. Let Z be the set of integers and let p > 0 be a prime integer. Define dp : Z × Z → R
by dp (m,n) = 0 when m = n; otherwise, dp (m,n) = 1/pr, where pr is the largest
non-negative integer power of p which divides m− n.

(a) (5)Prove that (Z, dp) is a metric space.

(b) (1)Describe the 1-disk centered at 0 in (Z, dp).
Total for Question 1: 6

2. We introduce a topology on the real line R as follows: a set is open if and only if it is of
the form U ∪ V where U is an open subset of R with the usual topology and V is any
subset of the irrationals. Call the resulting space S, (the scattered line).

(a) (4)Verify that the description of an “open set” above indeed yields a topology on S.

(b) (4)Describe an efficient nhood base at

(i) the rational points

(ii) the irrational points

in S.

(c) (1)Use part (b) to describe a base for S.

(d) (1)Let Q be the set of rational numbers. Find ClS (Q).

Total for Question 2: 10

3. (4)Exhibit topological spaces X, Y and Z such that X × Y is homeomorphic to X × Z,
but Y is not homeomorphic to Z.

4. (5)Suppose that Xα is a topological space for each α ∈ A and that X :=
∏

α∈AXα is
endowed with the Tychonoff topology. For each α ∈ A let ∅ 6= Fα ⊆ Xα. Prove that

ClX

(∏
α∈A

Fα

)
=
∏
α∈A

ClXα (Fα) .

5. (a) (4)If (xλ)λ∈Λ is a net in
∏

α∈AXα which clusters at a point x prove that for each α ∈ A,
the net (πα (xλ))λ∈Λ clusters at πα(x) in Xα.

(b) (4)Show that the converse of part (a) fails even in R× R.

Total for Question 5: 8

6. (5)Let X and Y be topological spaces with Y compact. If f : X → Y is closed, onto and
has the property that f−1 ({y}) is a compact subspace of X for each y ∈ Y , prove that
X is compact.

7. (4)Prove that the circle S1 is not homeomorphic to any subspace of R with the usual
topology.

Total: 42
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