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Question 1 [10 marks]

For questions 1.1 - 1.10, choose one correct answer, and make a cross (X) in the correct block.

Question a b c d e

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
1.10

1.1 The statement, “there is a negative integer that is less than ten”, when translated into
first-order language becomes: [1]

(a) (∃x ∈ Z)(x < 0 ∧ x < 10)

(b) (∀x ∈ Z)(x ≤ 0 ∧ x < 10)

(c) (∃x ∈ Z)(x < 0 ∨ x ≤ 10)

(d) (∃x ∈ Z)(x ≤ 0 ∨ x < 10)

(e) None of the above.

1.2 Which one of the following first-order statements is true? [1]

(a) (∀x ∈ R)(x3 = x)

(b) (∀x ∈ R)(x2 = x)

(c) (∀x ∈ R)(x2 > x)

(d) (∀x ∈ Z+)(x2 ≥ x)

(e) None of the above.

1.3 Suppose H = f ◦ g ◦ h and H(x) = 10
√√

x− 3. Select the correct option below: [1]

(a) g(x) = 10
√
x

(b) h(x) = 10
√
x

(c) f(x) = 10
√
x

(d) All of the above

(e) None of the above.
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1.4 The exact value of arctan(−1) in the interval (−π
2
,
π

2
) is . . . [1]

(a)
π

4

(b) −1

(c) 3
π

4

(d) −π
4

(e) None of the above.

1.5 cosh(ln(x)) = [1]

(a)
1− x2

2x

(b)
2x

x2 − 1

(c)
x2 + 1

2x

(d)
x2 − 1

2x

(e) None of the above.

1.6 The point P (−3,−8) is on the graph of y = f(x). Which point will be on the graph of
y = −f(x− 5)? [1]

(a) (2, 8)

(b) (−8, 8)

(c) (−8,−8)

(d) (8,−8)

(e) None of the above.

1.7 According to the Intermediate Value Theorem, if f is continuous on the closed interval [a, b]
and 0 is between f(a) and f(b), f(a) 6= f(b), then there exists a number c in (a, b) such that:

[1]

(a) f(a) = f(b)

(b) f(c) = 0

(c) c = 0

(d) f(0) = c

(e) None of the above.
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1.8
d

dx
(x4 lnx2) = [1]

(a) 2x3(1 + 4 lnx)

(b) x2(1 + 4 lnx2)

(c) 2x3(1 + ln x2)

(d) 2x3(1 + 2 lnx2)

(e) None of the above.

1.9 The value of the definite integral

∫ 2

1

x+ x3

x2
dx is: [1]

(a) 1
2

+ ln 2

(b) 3
2

+ ln 2

(c) 2 + ln 2

(d) 2 ln 2

(e) None of the above.

1.10 If y = xe20 then
dy

dx
= [1]

(a) 20xe19 + e20

(b) xe20

(c) e20

(d) 20xe19 + xe20

(e) None of the above.

Question 2 [2 marks]

Prove the identity: tan2 x− sin2 x = tan2 x sin2 x [2]
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Question 3 [4 marks]

Prove that for any integer n, n2 + n is even [4]

Question 4 [4 marks]

(a) Translate the following sentence into first-order language [1]

“There exists an integer whose cube equals itself”

(b) Negate your answer in (a) and leave the result in natural language [2]

(c) Is the statement in (b) true or false? [1]
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Question 5 [7 marks]

(a) Use transformations to sketch the graph of y = − cos(x+π) within the interval [0, π]. Show
each step. [2]

(b) Determine whether f(x) =
1

tanx
is even, odd or neither. [2]

(c) Graph the function of y = π
2

+ arctan θ and state the domain and the range in interval
notation. [3]
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Question 6 [4 marks]

Let f(x) = 2 ln(x− 1) + 1 find:

(a) the domain of f(x). [1]

(b) the range of f(x) [1]

(c) Sketch the graph of f(x). [2]

Question 7 [2 marks]

Solve for x: 2log(x+1) = sin
π

2
[2]
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Question 8 [2 marks]

Evaluate the following limit. Show all steps. [2]

lim
x→∞

√
9x6 − x
x3 + 1

Question 9 [4 marks]

Given:

f(x) =


3x2 if x ≤ 1

4− x if 1 < x ≤ 4

−1 if x > 4

(a) Prove by calculation that f is continuous at x = 1 [3]

(b) What kind of discontinuity is at x = 4? [1]
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Question 10 [3 marks]

Compute lim
x→∞

2− cosx

x+ 3
using the Squeeze Theorem. [3]

Question 11 [2 marks]

Use the Intermediate Value Theorem to show that the equation x3 + x+ 1 = 0 has a solution in
the interval [−2, 0]. [2]
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Question 12 [5 marks]

Prove the Quotient Rule, that is: [5]

d

dx

[
f(x)

g(x)

]
=
g(x) d

dx
[f(x)]− f(x) d

dx
[g(x)]

[g(x)]2
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Question 13 [7 marks]

(a) Find
dy

dx
and

d2y

dx2
If y =

√
x ln
√
x [4]

(b) Find the equation of the tangent line to the curve at the given point [3]

x4 + 4xy + y4 = 6, (1, 1)
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Question 14 [4 marks]

Use L’Hospital’s Rule to evaluate the following limit: [4]

lim
x→∞

(
1 +

2

x

)x
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Question 15 [10 marks]

Evaluate the following:

(a)

∫ 4

1

64− 12x√
x

dx [3]

(b)

∫ 2

1

x3
√
x2 + 1 dx [3]
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(c)
d

dx

∫ π
4

tanx

sec t tan t dt [4]


