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Question 1 [4 marks]
Classify each of the following equations as elliptic, hyperbolic or parabolic, clearly
justifying your reasoning.

(a) (2)
∂2φ

∂x2
=
∂2φ

∂y2
.

(b) (2)
∂2z

∂x2
− 2

∂2z

∂x∂y
+ 2

∂2z

∂y2
= x+ 3y.

Solution
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Question 2 [4 marks]

(a) (2)Show that v = G(3y + x), where G is an arbitrary differentiable function, is a
general solution of the equation

−3
∂v

∂x
+
∂v

∂y
= 0.

(b) (2)Find the particular solution which satisfies

v(x, 0, ) = 2 sinx.

Solution



APM8X11 – Supplementary Examination 3 / 20

Working space
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Question 3 [4 marks]
Find the general solution of

2
∂u

∂x
+ 3

∂u

∂y
= 2u.

Solution
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Question 4 [10 marks]

(a) (5)Solve the equation
∂2z

∂x∂y
= x2y.

(b) (5)Find the particular solution for which

z(x, 0) = x2, v(1, y) = cos y.

Solution
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Working space
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Question 5 [17 marks]
For the function

f(x) = x2, on 0 ≤ x ≤ 2π;

(a) (2)Sketch the graph of f(x) on the expanded interval −4π ≤ x ≤ 4π given that the
function is periodic.

(b) (10)Find the corresponding Fourier series.

(c) (5)Prove that
1

12
− 1

22
+

1

32
− . . . =

π2

12
.

Solution
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Working space
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Question 6 [10 marks]
Expand

f(x) =


0, −π < x < 0,

π − x, 0 < x < π,

in a Fourier series.

Solution
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Working space



APM8X11 – Supplementary Examination 11 / 20

Question 7 [7 marks]
Show that the function

u(x, t) =
1

2
√
πDt

e−
x2

4Dt

solves the diffusion equation

∂u

∂t
= D

∂2u

∂x2
.

Solution



APM8X11 – Supplementary Examination 12 / 20

Working space
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Question 8 [9 marks]
Given that u(x, t) is the density of some coloured molecules at time t and state space
x, the movement and spread of the particles in a column of length L is described by
the equation

∂u

dt
= ru+D

∂2u

dx2
, 0 < x < L, r > 0, D > 0,

with u(0, t) = u(L, t) = 0 and u(x, 0) = u0(x).

(a) (5)By letting u(x, t) = ertN(x, t), show that the system reduces to

∂N

dt
= D

∂2N

dx2
,

with N(0, t) = N(L, t) = 0 and N(x, 0) = u0(x).

(b) (2)Given that the solution of the new problem in (a) can be expressed as

N(x, t) =
∞∑
k=1

Ake
−D( kπL )

2
t sin

(
kπx

L

)
,

show that

u(x, t) =
∞∑
k=1

Ake

[
r−D( kπL )

2
]
t
sin

(
kπx

L

)
.

(c) (2)Explain the significance of this condition L < π

√
D

r
in relation to the movement

of the particles in the column.

Solution
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Working space
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Question 9 [10 marks]
Solve the following boundary value problem by setting u(x, y) = X(x)Y (y),

∂u

∂x
= 4

∂u

∂y
, u(0, y) = 8e−3y.

Solution
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Working space
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Question 10 [25 marks]

(a) (20)Solve
∂u

∂t
= 2

∂2u

∂x2
, 0 < x < 3, t > o.

given that 
u(0, t) = u(3, t) = 0,

u(0, t) = 5 sin 4πx− 3 sin 8πx+ 2 sin 10πx

|u(x, t)| < M, M ∈ R+.

(b) (5)Interpret the boundary value problem. Use a diagram to illustrate your inter-
pretation.

Solution
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Working space
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Working space
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Rough work

END OF QUESTION PAPER


