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QUESTION 1 [20]
a) Explain what the expectation value of a parameter is. Do not just provide a formula.
3)

| C eplem?) a<r<a
b) A particle has the wave function y(x) = XTI

0 x> a
1) Normalise this wave function,
i1) Determine the expectation value of the momentum,

ii1) Describe how you would verify the Heisenberg uncertainty relation for this particle

(no need to do the calculations!) (14)
¢) Clarify the significance of the Heisenberg uncertainty principle. 3)
QUESTION 2 [20]
a) Show that when the wave function is an eigenfunction of the Hamiltonian, the

variance of the Hamiltonian equals zero. (7)

b) Given a normalised initial wave function ¥ (x,0) = gx(a —Xx) in the range
a

415

0 <x<a, and zero elsewhere, show that ¢, = —T(cos(nﬂ) - l) ,
nwr

© 2_2
where ¢, are the coefficients in the formula W (x,7) = ch \/z sin (ﬂxjexp(—i nr fl tj
a

n=l1 a 2ma
9
1
¢) Show that ha)(aJra_ +Ejl// =FEy. 4)
QUESTION 3 [20]
a) A free particle is initially localised in the interval —a <x < a, and its = 0 wave
function ¥(x,0) =, /1;5 ~(a’ —x*) in that range and 0 elsewhere.
a

1) Calculate the transform function (k).
i1) Hence express W(x,¢) at a later time ¢. (10)
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b) Consider a potential as illustrated in the diagram below.

Vix)

—a ] tl

Assume that you are asked to determine the wave function  (x) for the bound state 0 <
V(x) < b. Draw up a set of equations representing the wave function in each region of the
diagram and describe how you would go about obtaining a complete solution. (Note: do

not attempt to solve these equations mathematically!) (10)

QUESTION 4 [20]

a) Show that if the eigenvalues of an operator are always real, then the operator is

Hermitian. (4)

b) List three properties of Hermitian transformations. 3)
2

. ~ o d . . . .
c¢) Consider the operator Q = — where ¢ is the azimuthal angle in polar coordinates.

1) Is O hermitian?

1) What are the eigenfunctions and eigenvalues of Q? (8)
1 2

) Confirm that [( |g)f* > - ((/|2)~(g]1)) )

QUESTION 5 [20]

a) The solution to the three-dimensional Schrédinger equation for a potential V(7)
contains a part dependent on the angle ¢ only, given by ®(¢) = Aexp(im¢) .

Prove that m must be an integer. %)
b) Given that Pi(x) = x, calculate El (x). (2)

¢) 1) Calculate the radial wave function Rs>(r) in terms of the Bohr radius a and co.
i1) Determine for which values of r the wave function is zero. (14)

... Question 6/



QUESTION 6 [20]

a) Starting with the classical definition of the angular momentum L =r xp, determine

the quantum mechanical operators L., L, and L.. Hence show that
|L,.L.|=inL, . (10)

b) Noting that L_f is an eigenfunction of both L? and L., and that [Lz, L_] =0, confirm

that I2(L_f)=A(L_f). 3)

c¢) Consider the tensor formulation of the components of S. Calculate the eigenvector and
eigenvalue of S.. (7)
QUESTION 7 [20]

a) Why is it necessary that the combined wave function for a pair of identical particles
must satisfy the relationship y (r,,r,) =ty (r,,1,)? 3)

b) Consider an electron free to move in a neutral rectangular solid of sides /,, /, and /.
parallel to the x, y and z axes.

1) Construct a suitable Schrodinger equation for this electron.

i1) Show that the energy of this electron is given by the formula

2 2( 2 2 2
E:h r n_x+n_y+n_z
2m |2 122

y
where ny, n, and n; are positive integers. (8)

c¢) Consider an electron in a crystal with atoms spaced at regular intervals parallel to the
X-axis.

1) What then are the characteristics of the potential and wave function in terms of x?

i1) Without doing specific calculations, describe how the one-dimensional Schrodinger

equation would be solved and the wave function determined. (8)
QUESTION 8 [20]

a) Two particles of mass m both move towards a common point at a common speed of 0.6
c. The particles stick together thereafter to form a new particle. Show that the mass of the
combined particle is 2.5xm. (6)

b) Through what angle must a 0.2 MeV photon be scattered by a free electron so that it
loses 10% of its energy? (7

... Question 8c/
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¢) Utilising a sketch if necessary, describe the potential V() of a diatomic molecule and
explain its main features. Hence conclude that diatomic molecules will have states with
energy levels approximately of the form

E = (n + %)ha) where n=0, 1,2, 3, ... (as long as n is not too large)  (7)

QUESTION 9 [20]

a) Draw the potential experienced by an alpha particle in the vicinity of an atomic nucleus
and use this to describe the alpha decay process. Explain how the alpha decay rate can be
estimated (without doing any explicit calculations!) 9)

b) Determine the age of a piece of wood in which the ratio of carbon-14 to carbon-12 is
7.0x10713. (Given: The half-life of carbon-14 is 5730 years and the assumed C-14 to C-12
ratio in a living tree is 1.3x107'%) (7)

¢) Which of the four fundamental forces of nature only acts on hadrons? Briefly describe
the characteristics of that force. %)

END



Constants:
c=3x108m.s’! e=16x10"C h=6.626 x 103*]J.s
h=h/2n me=931x10%kg  my=1.67x 1027 kg
R=1.097x10"m"' a=529x10"m & =8.85 x 1012 C*’m>N"!
1eV=16x10"7] Ry=12x10%m

Formulae:

o=\(*)- (1) Jxang AEAt>1/2

¥  n? oty d iEt 2
i =L iy =—ih 2 f(t)=exp| - =~ c,|* =
e pe=-in S 0 =exp( -2} S
2 252
w, (x) = gsin(ﬂxj g, = ¢, = \PJ sin(ﬂxj‘l’(x,O)
a a 2ma’ a0 a
[59) 2_2 ©
‘P(x,t)chn\/z sin(@xjexp iz th Y(x,0) =Y cw, (%)
n=1 a a 2ma n=1

a, = ! (—hi+mwxj a_ = ! (hi+ma)xj E —(n+l)ha)
T \mho dx - 2mho \ dx 8 2
1 (o )
a vy =Antly,g ay, =y, k)= N [ W(x,0) exp(-ike)dx
k>

Y(x,1) = Fj ¢(k)exp[ (kx—z—tﬂdk ¥(x,0) = J_ j (k) explikx|dk

(€)= [ 1 ()" gore ‘ ['700" e < |17 o e[ JeCof e

2
V2—128(22j+ ! a(smﬁaj+212 82
or\ or) r?sing 00 00) r~sin” @\ 0¢

sinH%(sinH%) + [1(1 +1)sin? 9—m2]® =0  O(0)=AP" (cosh)

m 22 d Y™ 1 (dY 5 1 o2
P"(x)=(1-x%) (Ej Py (x) P,(x>=ﬁ[£j @ =" [CIREY r2dr=1
[ r@.pf sinododg=1 ¢, =—2UXEIZD_ gy 1)

0 J0 / G+D(j+20+2) "’ r

2
r me .
PER =" py = N= Jax +1+1 Ly=yp.-2p,
an 2regh K
\Ly.Ly|=inL, s |L,. L. |=inL, s [L..L ]=inL, L, =L,+iL, ; L =L, —iL,
L, = no L, =hexp(i@) —+icot0i L_ =-hexp(-ig) ——zcott9i
i 0¢ 20 o o

Lf=mmf L*f=r’10+Df |S..8,|=isS. ;|S,.5.]|=inS, ; [Z, S.]=is,



8
S2f=n’s(s+1)f S.f=hm,f o —(0 lj-a —(0 _l]'a —(1 0]
- zJ s x = My T . > Yz T

10 i 0 0 -1
m | Ze* ’ 1 hz( 2)2/3
E,=-— — n=123,. Er=—120_
" 212 | dre n? E " om or
Epn = hf = hc/4 )?:;/(x—vt) y=y z=z t_zy[t—clzxj
)= 1 - u,—v ” u, - u,
e — x:— y: Z:
1_\/%2 1—vu,/c? ;/il—vux/czi l=vu, /c?
mc’ 2 2 2 2 4 h
E=—fe—e—— E-=p°c +m'c A =2, +—(1-cosb) p=h2i
V1I-v?/c? mc
2
ER=h7J(J+1) E”:(n+%]ha) N = N, exp(—At) Tm:¥

Ijowexp(—axz)d :\/g J‘:’waz exp(—axz)d =2L\/§ j:sinz xdx:%

a



