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Question 1 (15 marks)
Consider a qubit state preparation that has produced the ensemble {pi, |ψi〉}, where
each |ψi〉 is a pure state and pi is the corresponding probability.

(a) (6)Show that for each pure state |ψi〉,

|ψi〉〈ψi| =
1

2
(I + ri · σ) ,

where ri is a three-dimensional unit vector indicating the position of the state
on the Bloch sphere.

(b) (5)For an arbitrary mixed state, show that the density matrix can be written as

ρ =
1

2
(I + r · σ) ,

where |r| < 1.

(c) (2)Where would the completely mixed state ρ = I/2 be located on (or inside) the
Bloch sphere?

(d) (2)Where would the pure state |+〉 and |−〉 be located on the Bloch sphere?

Question 2 (12 marks)
This question discusses the idea of ensemble ambiguity.

(a) (6)Consider two ensembles {pi, |ψi〉} and {qi, |φi〉}. If the two sets of states are
related to each other by

√
pi |ψi〉 =

∑
j

uij
√
qj |φj〉 ,

where uij is a unitary matrix, show that both ensembles give the same density
matrix.

(b) (6)Study the following density matrix

ρ =

(
1/2 1/4
1/4 1/2

)
.

Solving the eigenvalue problem for ρ one may conclude that the system described
by ρ has the ensemble

ρ =
3

4
|+〉〈+|+ 1

4
|−〉〈−| .

Find one other ensemble that gives the same density matrix ρ.

Question 3 (14 marks)
The following circuit implements the quantum teleportation algorithm.

|ψ〉 H

M2

M1

XM2 ZM1 |ψ〉
|Φ1〉
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The top two registers belong to Alice and the bottom one belongs to Bob. Alice and
Bob share the entangled state |Φ1〉 = 1√

2
(|00〉+ |11〉). Alice wants to transit the

qubit |ψ〉 = α |0〉+ β |1〉 to Bob using the above circuit.

(a) (6)Calculate the overall state just before Alice performs the measurements M1 and
M2.

(b) (4)What is the density matrix for the system after Alice has performed the mea-
surements M1 and M2?

(c) (4)Say the outcomes for measurements are M1 = 1 and M2 = 0. Alice must now
send these classical bits of information to Bob so that he may recover the original
state |ψ〉. What transformations must Bob do to his qubit to recover |ψ〉 (also
state the correct order that the transformations need to be applied in)?

Question 4 (9 marks)
Find the Schmidt decomposition for the states

(a) (2)
|00〉+ |01〉+ |10〉+ |11〉

2

(b) (2)√
3

2
√

2
|00〉+

1

2
√

2
|01〉+

√
3

2
√

2
|10〉 − 1

2
√

2
|11〉

(c) (5)Find the Schmidt coefficients for the following state

|00〉+ |01〉+ |11〉√
3

Useful information

• The Pauli matrices are defined as:

X = σx =

(
0 1
1 0

)
, Y = σy =

(
0 −i
i 0

)
, Z = σz =

(
1 0
0 −1

)
.

• The Hadamard transform H is

H =
1√
2

(
1 1
1 −1

)
• We also define

|±〉 =
1√
2

(|0〉 ± |1〉)

• The Schmidt decomposition for a pure state |ψ〉 of a composite system AB is

|ψ〉 =
∑
i

λi |iA〉 |iB〉 ,

where the λi are the Schmidt coefficients and the |iA/B〉 are orthonormal states
for systems A and B respectively.
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