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QUESTION 1

(a) Newton’s law of cooling states that a body of uniform composition, when
placed in an environment with a constant temperature, will approach the
temperature of the environment at a rate that is proportional to the
difference in temperature of the body (7') and the temperature of the

environment (7 ). This law is modelled by the differential equation:

dr
S oKT-T
dt ( )

(i) - A chicken has been in the refrigerator for several days and has a uniform
temperature of 40°F. An oven is preheated to 325 °F. The chicken is
placed in the oven for 20 minutes and when taken out its temperature is
found to be 60 °F.

Solve the differential equation and express the temperature 7' in terms of
time . (5)

(ii) Approximately how long does the chicken have to stay in the oven to have
a temperature of 185 °F? (2)
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dy 1 2
(b) Identify and solve the differential equation:gJi +—yp=3x"y’ (6)
&
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(c) Solve the initial value problem x2%+xy%=y2, y(1)=1 (5)
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QUESTION 2
£ 0<t<2
Let f(z)=4¢-1 2<t<4
-3 t>4
(a) Sketch the graph of the given function. (3)

(b) Express the function f (t) in terms of Heaviside unit step functions (2)
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QUESTION 3

Evaluate;

(a) L{sin(t—z)H(t-27)}

41 S +28°
o 2

(5)
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QUESTION 4

Use D-operators to find the general solution of the ordinary differential equation
3y -5y’ =xe . (8)
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QUESTION 5
A series circuit contains a resistor with resistance R =200, an inductor with inductance

L=1H , a capacitor with capacitance C =0.01F and an external force E(¢)=12sin10z. The

2
charge ¢ can be modelled by the ordinary differential equation L%thRﬁ
t

1
a cl” E(9).

with initial conditions ¢(0)=0, ¢'(0)=1.

(a) Use Laplace transforms to solve the equation for g . (7)
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(b) Use D-operators to solve the equation for g and use the given initial conditions to

determine the particular solution. (8)
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QUESTION 6

Use Laplace transforms to solve the following initial value problems.

(a) y"+2y'=3y =" H(1-2), y(0)=1,5'(0)=1. (9)
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(b) L2 4% _ gy = 0 subject to y(0) = —1 and y(0) = 0 5
2 — 42— 6y = 0 subject to y(0) = —1and y'(0) = 0. (5)
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QUESTION 7

Use Laplace transforms to solve the following system of differential equations for x only.

x(O):y(O):O (12)
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QUESTION 8

Let g(x)={

Determine if g is even, odd or neither.

x—1 when -1<x<0

x+1 when 0<x<l1

QUESTION 9
Find the half-range Fourier cosine series for the periodic function
(X 0<x<1
re={; 1<x<2

if F(x) = F(x +4).

(6)
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QUESTION 10
Given the series for the non-periodic function g(t) = 2t over —-m < t < 7 as

; ; : 1 B 4 i
2x:4(smx—§sm2x +§51n3x—;sm4x +§sm5x—gsm6x+---).

Let x = 7 and deduce a series for = (2)
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QUESTION 11
Determine the complex Fourier series for the function
0, -2<x<-1
Jlx)=1h = e
0, 1<x<?2

The function is periodic outside this range of period 4.

(5)
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QUESTION 12
The table below defines a discrete function f(x) of period 360°. Determine the Fourier series
of f(x) up to the second harmonic. (Work to 2 decimal places) (5)

x” 0 [30 |60 90 120 | 150 |180 |210 |240 |270 |300 |330
flx) |0 |80 [115 |6 £ 54 |0 -8 -11,5 | -6 -4 -5,4

End of assessment — Total 100 marks available
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Use this space if you want to redo any question(s). Please indicate clearly at the relevant
question(s) that the solution is on this page.




