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Instructions:

Symbols have their usual meaning.

Physical quantities are in SI units and angles are in radians.
All calculations must be shown.

Pocket calculators are permitted.

Work to a precision of at least three decimal places.
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Question 1 (12 marks)

(a) Show that for uniform circular motion

r=p
where 7 is the radius of the motion, p is the radius of curvature in the (7,7)
coordinate system.

(b) The equation of the trajectory of the particle is given by
r(t) = (—2+2sint) &+ (—1+2cos (2t))§ = (-2 + 2sint, —1 + 2 cos (2t))
For t = %, find
i) v and a
ii) 7 and n.

)
iii) the tangential and normal components of a
iv) the radius of curvature and the centre of curvature C' = r + pn.

Solution:

(a) First note that, for uniform circular motion,

~

r=—n,

D>

=7

Then from the velocity vector,

.« A
~

r80 = ro7 = v, = v =rb.

Then, matching the components of the acceleration, we find

+r6%h = i
p'
e~ 2
P

p = T

v = (1.75517, —3.36538)
= (—0.958851, —4.32242)
i)
(0.46237, —0.886687)
(0.886687, 0.46237) .

3>
I

3>
Il

iii)
ar = 3.38929, a, = —2.84876
iv)
p=—505827, C = (552625, —2.25819).
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Question 2 (7 marks)
A particle of mass 2kg experiences a time-dependent force F = (3t?,2t — 1) for a
time period 7" > 0. The initial velocity of the particle is v; = (1,0). If the final
velocity vy is horizontal, determine the final speed of the particle. Assume ¢; = 0.

Solution: Impulse equation
I=(T°T*-T) =2(vs,0) —2(1,0)
One then finds the two equations

T8 = 2v;—2
™ —-T = 0.

Solving, we find "= 0, or "= 1. For T' = 1, then vy = 3/2.

Question 3 (11 marks)
A perturbed ideal gas is described by the equation of state

Y (2,y,2) = ol 4322
Yy

where « is a constant. The variables z, y, z and v represent the temperature, volume,
mass and pressure of the gas respectively.

Calculate the directional derivative %—f in the direction of £ + y + 2 at the point
P=(1,1,1).

(a) Use the parameterization r = ry + $3

(b) Use the formula Vi - §.

Solution:

(a) Calculate the unit vector

Then the straight line is parameterized by
=17+ SS

where we choose 7y = OP = (1,1,1). This gives

x(s) = 1+

y(s) = 1+

z(s) = 1+

Sl Sl Sl
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Substituting, we find

Then

(b) Calculate V1) - 3.

>
Il
|H
w
VR
o
S| =
IS
o
ol
[N}

+
D
N
~

Vi -

P=(1,1,1) 3

Question 4 (12 marks)

Calculate the [, F -dr, with F = (y+2z,2 — 2y, %)), and where the path T is
defined by

= 2241
z = 4dx+vy.

In the integral, the lower limit is (0,1, 1), and the upper limit is (1,2, 6).

Solution: The parametric equations for the path I' are

z(s) = s
y(s) = s2+1
z(s) = s +4s+1.

The lower bound (0,1, 1) corresponds to s = 0, the upper bound (1,2,6) corre-
sponds to s = 1. The integral becomes

1
d
/F'dr:/ F(s)~—rds.
r 0 ds

r o= (s,8+1,s+4s+1)
dr
= = (1,25% 25+ 4)

F(s) = (3°48s+3,—s"+s5—2,s"+5).

where
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Putting everything together

250

/F-dr:/ [255—|—4S4—283+9S2+48—|—3] ds = 30
r

1
0

Question 5 (8 marks)

(a) Does the Principle of Work and Energy hold for all forces, or only for conservative
forces?

(b) The coefficient of friction between the tyres of a braking car and the road is
i = 0.5. The car travels down a plane with an incline of § = 15° with respect to
the horizontal. Use the Principle of Work and Energy to calculate the distance
travelled by the car after it comes to a complete stop. Assume the car has an
initial speed of 10 m/s.

Solution:

(a) Applies to all forces

(b) Orientate the axes in your reference frame such that the z-axis is parallel to
the incline, and that 4+ x direction is in the direction of the car’s motion.

Then
dr = (dz,0,0) = dzz.

We only need the forces in the z-direction. The friction force is directed
towards the — x direction, while the z-component of the gravitational force
is pointing in the + x direction:

F, = —mgcos (0) p1 + mgsin (0).

Calculating the work done

d
W = /F ~dr = / (—mg cos (0) pu + mgsin (0)) dz
0
= (—mgcos(0) p+ mgsin (0))d
mgd (— cos () i+ sin (0)) .
which is equal to the change in kinetic energy

1 1
AT =0 — §mvi2 = —§mvi2.

Using the work energy principle:

mgd (—cos (0) u +sin (0)) = —=mov?

d = _29(—cos(0)z,u+sin(0))

= 22.762 m.
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Information

(x,y) = (rcosf,rsinf).

v+ v = v+ on
rr+rdf = oT.
a7 +agd = a7+ a,n

(7 =r0%) 7+ (r+20) 0 = o7+ (U—Q) .

p
vl. A

(cos@,sinf), 6 = (—sinf,cosh)
(cost,sine)), n = (—siny,cos?))

ty
I = / Fdt = mvy —mu;
t;

dr = dxz+dyy+dzz
0 g0 .0
ox y@y 0z

1 1
W = /F-dr = —mvfc——mvf
r 2 2
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