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INSTRUCTIONS: Answer all the questions.



Explanations are necessary!
Question 1 [22]

(1a) Derive the first order correction to the energy of the eigenvalues in time-independent perturba-
tion theory. (7]

(1b) Consider a delta-function bump in the centre of the infinite square well:
H =aé(x—a/2),

where a is the width of the well and ¢ is a constant. Find the first-order correction to the allowed
energies. Explain why the energies are not perturbed for even n. [4]

(1c) Show that in two-fold degenerate perturbation theory the energies are given by:

Ei = % [Waa + Wy = \/(Waa - Wbb)2 + 4|Wub|21’

where W;; = (z//?|H'|z,b?) R i,j=a,b.and H’ is the perturbation to the Hamiltonian. [7]
e’ 1
(1d) Show that the spin-orbit interaction perturbation to the Hamiltonian (H = | — | ——=—=S - L)
87T€0) m2c2r3
does not commute with the orbital angular momentum. (Hint: you will need the commutation rela-
tions for angular momentum). [4]

Question 2 [10]

(2a) Derive Ehrenfests theorem for a time independent operator. [4]

(2b) Use this result to derive the quantum mechanical version of the classical equation s Gis
Pi

where g; is a position coordinate. [6]

Question 3 [13]
(3a) Use the path integral recipe to show that a 1 g particle will follow a classical trajectory, whereas
an electron’s trajectory is not well defined. (Hint: consider two paths, one of which is the classical

one). (6]

(3b) Show that the integral that results when one exactly evaluates the free-particle propagator is,

N-1
(T °° Oir1 — i)
pma [ Lexp{ 2

where

A’:A(

dyl e dyN_]

2ne\ VY2

You should break the time interval up into steps and at each time insert a complete set of positions.

(7]



Question 4 [21]

(4a) Determine the translation operator 7'(¢) to first order in &, in the passive transformation picture.

(7]

(4b) Show that time translational invariance leads to the conservation of energy. [6]

(4c) Show that IT = IT~! and that the eigenvalues of IT are +1, where I1 is the parity operator. You
may assume that IT> = I. [3]

(4d) Show that the requirement for a quantum system to have time-reversal symmetry is that the
Hamiltonian must be real. [5]

Question 5 [14]
(5a) The action of the rotation operator on position eigenkets is defined as,

UIR]|x,y) = |xcos ¢g — ysin ¢, x sin g + y cos ¢o)
(i) To first order, prove that,

ig L,
h

(ii)) Now show that this leads to,

) = W(x +ye,y — xe;) (6]

eyl -

L.=XP,—YP, [4]

(5b) Write down the transformation equation for an infinitesimal rotation of X in the passive picture.
Use this to show that,

[X,L;] = —ihY [4]

END of QUESTIONS



INFORMATION SHEET
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in= =TTy
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[ri,Pj] = —[Pf,"j] = ih(sij s ["i,”j] = [piypj] =0
[Ly, Ly] = inL, [S:,S,]= ins,

For operators: [Q, Af] = A[Q,0] + [Q,A]0 and [AQ, 0] = A[Q, 0] + [A, 0]Q

., .
Ehrenfest’s theorem: - (Q) = (El) (9. H1)

. in(2ax)
2 dx = X &
f sin“(ax) dx > 1

fsin(mx) sin(nx) dx = (

sin[(m — n)x] 3 sin[(m + n)x]
2(m —n) 2(m + n)

7 =1.05457x 10734J - s

2
Wavefunctions of the infinite square well: ,(x) = \/j sin (Ex)
a a

4 2
a= T M 00177 % 107 m

m,e? am,c

me =9.10938 x 1031kg

m, = 1.67262 x 10 kg

1 )2
o(x — x)_hm( AZ)I/zep (XAZX)]

Fresnel integrals: f cos(P)dt = f sin()dt = \/g
0 0

oo 1 12
Gaussian integral: f e ™ dx= — ( )

2a

—00

N
¢ = lim (1 - ﬂ)
N

N—oo
1 (3) (n)
Taylor series: f(a) + m( —a)+ fz('a)(x —a)?+ S fa) (x—a) +-- Z A (G)(
xl 2 =0
Taylor series for e*: 1 + — + 5 ; + i — Z —

1 dy, d dxy_ 2nhei\'?
f@[x(t)]zégréog\[wff---\[w%-%u- Xgl where Bz( ﬂmgl)

b
f Y LY dx” = (I f) = (xlf)

1 1 1 1 1 1
For the hydrogen atom: <;> =3 ; <ﬁ> = m ; <F> =

2 \2
1 E
Bohr energies of hydrogen: E, = — [% (4;—60) ] 5= n_zl

10+ 121+ Dndd
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