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QUESTION 1 B [20]
1.1 Let G and G be groups and let ¢ be a function from G to G. Answer the following questions:

1.1.1 Provide a detailed definition of when ¢ is a homomorphism. In addition, define Ker¢. [2]

1.1.2 Prove the following: If ¢(g) = ¢, then ¢7'(¢') = {z € G | ¢(z) = ¢'} = gKer¢. [3]
1.1.3 Prove that Ker¢ is a normal subgroup of G. (3]
1.2 Find all homomorphisms from Zjp to Zis. 4]

1.3 Let H and K be two groups, where the identity element in K is denoted by e. Answer the
following questions:

1.3.1 Prove that the function ¢ : H @ K — K, defined by ¢((h,k)) = k, where h € H and k € K,

is a homomorphism. 2]
1.3.2 Find Ker¢. [2]
1.3.3 Prove that ¢(H ® K) = K. 2]
1.3.4 Hence, or otherwise, prove that H ® K / (H & {e}) ~ Z. 2]
QUESTION 2 [18]
2.1 Consider the group U(10) & Zs. Answer the following questions:

2.1.1 How many elements of order 4 are there in U(10) @ Zs? [3]
2.1.2 Is U(10) & Zg cyclic? Explain your answer. 2]
2.1.3 Are U(10) & Zs and Zs isomorphic? Explain your answer. 1]

2.2 Let G be a group and let ¢ : G — G be defined by ¢(g) = g7, for all g € G. Answer the
following questions:

2.2.1 Show that if G is Abelian, then ¢ is an automorphism. 2]
2.2.2 Show that if G is an automorphism, then G is Abelian. (3]

2.3 Let G be an Abelian group of order n. Suppose G has at least 3 elements of order 3, and let
a,b € G be elements both of which have order 3. Answer the following questions:

2.3.1 Define the set G/ (a) . [1]
2.3.2 Find |G/ (a)] . (1]
2.3.3If b ¢ (a), show that |b(a)| = 3. 3]
2.3.4 Prove that 9 divides n. 2]



QUESTION 3 [22]
3.1 Consider the set R of integers, where a,b € R. Define the following multiplicative (given by
®) and additive (given by =) operations on R by: a®b=caanda+b=a+b+1.

3.1.1 Prove that R is an Abelian group under . 3]
3.1.2 Prove that R is associative under ®. 2]
3.1.3 Is R aring under ® and +? Motivate your answer. 2]
3.2 Let R be a ring and let a,b € R. Prove the following multiplicative property of R: (—a)(=b) =
ab. 2]

3.3 Let R be a ring. Define S = {z € R | az = za for all a € R}. Show that S is a subring of R.[3]

3.4 Let R be a ring and let A, B and C be subrings of R. Prove that if A C BUC', then AC Bor

ACC. (3]
3.5 Let F be a finite integral domain. Prove that F is a field. [4]
3.7 Let R be a ring with unity 1. If the product of any pair of nonzero elements of R is nonzero,
prove that ab = 1 implies that ba = 1. 3]
QUESTION 4 [25]
4.1 State the definition of when a subset A of a ring R is an ideal. 2]
4.2 Let A and B be two ideals of a ring R. Prove that AB C AN B. 3]

4.3 Suppose that R is a ring and A is a subring of R. Prove that theset H = {r+ A |r € R} is a
ring under the operations (r + A)+(s + A) = s+ 7+ A and (r + A)x(s + A) = rs + A, if and only
if A is an ideal of R. 6]
4.4 Let R and S be two rings. Answer the following questions:

4.4.1 If ¢ is a homomorphism from R to S, then prove the First Isomorpism Theorem for

Rings. 4]
4.4.2 Let ¢ be a ring homomorphism from a ring R to a ring S. Show that if R has a unity 1,
S # {0}, and ¢ is onto, then ¢(1) is the unity of S. [3]

4.4.3 Let a and b be two nonzero positive integers. Prove that ¢ : Z ® Z — Z, & Z, given by
#((z,y)) = (zmod a, ymod b), is a ring homomorpism from the ring Z & Z, to the ring Z, & Z,. 3]
4.4.4 Find Ker¢. 2]
4.4.5 Can one say that Z & Z/((a) @ (b)) is ring isomorphic to Z, & Z,? Motivate your answer. [2]



