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QUESTION 1 [15 marks]

(a) (5)Consider the following differential equation

dy

dt
= −5y + 5t2 + 2t

with initial value y(0) = 1
3 . Approximate a solution to this differential equation on the interval

[0, 1] using the second-order Runge-Kutta method with step size h = 1
2 .

(b) (10)Determine the upper bound on the magnitude of the global error of the differential equation in
(a), given

|ǫi+1| =
∣

∣

∣

∣

h3

3!
y′′′(ξ)

∣

∣

∣

∣

, ξ ∈ (ti, ti+1)

and

F (t, y) =
10y − 10t2 + 16t+ 9

8

QUESTION 2 [10 marks]

(a) (3)Compute the first two iterations using the linear interpolation method with initial points
(x1, y1) = (−2, 0.541) and (x2, y2) = (0,−1) to approximate the root of f(x) = ex(x2 − 1).

(b) (7)Derive

y′i =
−yi+2 + 4yi+1 − 3yi

2h
.

What is the order of the error?

QUESTION 3 [15 marks]

(a) (10)How many steps (N) and what step size (h) are required to integrate

∫ 0

−2

x2ex dx,

using the composite Trapezium rule, accurate to ǫ = 0.1?

(b) (5)Perform the integration using the information obtained in part (a).

QUESTION 4 [10 marks]
Find the series expansion of

f(x) =

{

1 x ≥ 0

0 x < 0

in terms of Chebyshev polynomials by using the orthogonality property of the Chebyshev polynomi-
als.
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Formulae

f(x) =
1

2
c0T0(x) + c1T1(x) + c2T2(x) + · · ·

ck =
2

π

∫ 1

−1

f(x)Tk(x)√
1− x2

dx

=
2

π

∫ π

0

f(cos θ) cos(kθ) dθ

∫ b

a

f(x) dx ≈ h

2

(

y0 + yN + 2

N−1
∑

i=1

yi

)

|∆| ≤ h2 (b− a)M

12
where M = max

[a,b]
|f ′′ (x)|

∫ b

a

f(x) dx ≈ h

3

(

y0 + yN + 4y1 +

N−1
∑

i=1

(2y2i + 4y2i+1)

)

|∆| ≤ h4 (b− a)K

180
where K = max

[a,b]

∣

∣

∣f
(4) (x)

∣

∣

∣

ym+1 = ym + hf(xm, ym)

k1 = hf(xm, ym)

k2 = hf(xm + h, ym + k1)

ym+1 = ym + 1
2 (k1 + k2)

∆n =

n
∑

j=1





(

1

αn

)





n
∏

k=j

αk







 εj

αk = 1 + hFy (xk, ξk)

1 + r + r2 + · · ·+ rm =
rm+1 − 1

r − 1

y′ = f (x, y) ⇒ y′′′ = fxx + 2ffxy + f2fyy + fxfy + ff2
y

END OF QUESTION PAPER


