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INSTRUCTIONS : Please fill in your particulars on the front page.
Answer all the questions in the space provided.
Do not write in PENCIL. Pencil will not be marked.
You may use the back of each page (i.e. the left-hand side) for rough work OR
to complete a question, if needed.
Rough work will not be marked.
PLEASE CHECK THAT YOU HAVE RECEIVED 14 PAGES

1. Determine the following

(a) L{cos 3t cos 2t} [3]

(b) L{tet−1H(t− 1)} [3]
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(c) L−1

{
e2−4p

2p− 1

}
[3]

(d)
1

D2 + 2D + 1
{12e−x} [3]
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2. (a) Sketch the graph of the function f(t) = [H(t− 2)−H(t− 5)]e−
t
4

for t ≥ 0. [3]

(b) The function represented by the graph below is defined analytically as

f(t) =


1− t 0 ≤ t < 2

2− t 2 ≤ t < 4

−2 t ≥ 4

(i) Express f(t) in terms of Heaviside functions. [2]

(ii) Find L{f(t)} [4]
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3. Determine the unique solutions of the following differential equations by using the Laplace
transform, subject to the indicated initial conditions:

(a) y′′ + 2y′ + y = 4 sin t, y(0) = −2, y′(0) = 1 [9]

CONTINUED



– 6 – MAT3AW3

(b) y′′ + 2y′ + 3y = e−t + δ(t− 3π), y(0) = y′(0) = 0 [10]
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4. Consider the motion of an object m attached to the end of a spring that is subject to a
damping force. Assume that the damping force is proportional to the velocity of the mass
and act in the direction opposite to the motion. Then the governing equation obtained by
applying Newton’s second law is given by

m
d2x

dt2
+ c

dx

dt
+ kx = f(t)

where c and k are called the damping and spring constant respectively. Let m = 1, c = 2.5
and k = 1 and an external force f(t) = e3t.

(a) Use the Laplace transform to solve the equation. [9]
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(b) Use D-operators to solve the equation. [7]

(c) Discuss the solution as t approaches ∞ [2]
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5. Find the general solutions of the following differential equations, using D-operators.

(a) y′′ − 2y′ = 6e2x − 4 sin x, [8]
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(b) (D2 +D + 12)y = t2et, [7]
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6. Use D-operators to solve the following system of differential equations for y only.

(D2 + 1)x+ (D − 1)y = 1

(D + 1)x+ (D2 − 1)y = 2

[9]
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7. Find a Fourier series for the following even function

f(t) =

t+ π
2

− π ≤ t ≤ 0

−t+ π
2

0 < t ≤ π
; f(t) = f(t+ 2π) [10]
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8. Perform a numerical harmonic analysis on the following data, round off all calculations to two
decimal places and present a Fourier approximation of f(t) up to the first harmonics.
[7]

t 0 0.25 0.5 1.0 1.5 2.0
f(t) 0 1.6 3.1 4.2 4.5 4.02

THE END


