Paper B
QUESTION 1 [25]

a) Determine an upper bound of the ground state energy for the delta function potential
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V(x) = —adx), using the normalised test function ¥ = (—j exp(—bx?)
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Hint: you are given, and do not need to prove, that <‘P|T |\P> (8)

b) Prove that for the first excited state, the upper limit to its energy Eris determined by
E, < <‘P‘I:I “P> if <‘P ‘ v, > =0 (where g is the ground state wave function). (7)

c) The solitary electron in a singly ionised hydrogen molecule is illustrated below.
c
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71 and r; are the distances of the electron to each of the two atomic nuclei.

1) Give and briefly explain the Hamiltonian of this system. 3)

i1) When applying the variational method with a test function ¥ = A(ywo(r1)+wo(72)),
where yp is the standard wavefunction for the hydrogen atom ground state (with a
corresponding energy Eo), show that the Schrédinger equation reduces to
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QUESTION 2 [25]

a) In the so-called ‘classical region’, where a particle’s energy £ > V and p(x) is real, the
wave function i that is a solution to the Schrodinger equation can here be expressed as

y(x) = A(x)expl(x))

Confirm that this leads to the following relationships between A4, ¢ and p:

W_A:AK%)Z _P_z} and MLO . (10)

dx? dx h? dx

b) 1) Draw the potential function for alpha particles in the vicinity of an atomic nucleus.
1) How does quantum tunneling cause the alpha particle to escape the nucleus under
some circumstances in what is referred to as alpha decay? (5)

Alnx+B x>0

c¢) Consider a particle of mass m in the following potential: V' (x) = { 0
x<

Use the WKB approximation to determine the energy levels of this system. In particular,
show that the difference between successive energy levels is independent of m and B.

[Note: Jj Jxedx = %\/; ] (10)
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QUESTION 3 [25]

a) A two-level system can be described by the wave equation
£ E
YO =c,0p, eXp(— i tj e, (Y, eXp(— i?”j :

What is the relationship between c, and c¢», and why is that relationship justified. (2)

b) Consider a two-level system which is in the ground state at time ¢ = 0, and where
H,,(t) =exp(—(b+iwy)t) ; H., (1) =exp((b+iwm,)t)
1) Calculate to first order the probability that the system will be in the excited state. (6)

i1) Describe, without doing actual calculations, how you would determine to second order
the probability that the system will be in the ground state. 3)

¢) In a two-level system, the equation relating the populations N of ground state “a” and
excited state “b” is
dN,
dt

where p is the radiation field density, and 4, By, and By are the Einstein coefficients.

=-N,A-N,B,, p(®,)+ N, B, p(w,)

Through comparison with the Planck and Boltzmann laws (both listed under the
formulas), confirm that
3
w'h
= 2 3 Bha (9)
/e

Bupr = Bpa and A

d) 1) Describe the selection rules governing atomic transitions in terms of the quantum
numbers / and m.
i1) What are the basic assumptions under which the selection rules A/ =+1, Am = 0,£1

were determined. In other words, under what conditions are they valid. (6)
QUESTION 4 [25]
a) Define the cross section o; and hence determine its value for a series of small, hard

spherical particles of radius 7 scattering with a larger hard sphere of radius R. 4)

b) An incident particle moving towards the z-direction and scattered in a direction defined

1 o
by the angles @ and ¢ with a scattering amplitude f(6,9) = %Z(— i)/ 'Cc mY, (0,0).

Im

) 1 2
Hence prove that the cross section o = = Z‘C ,,m‘ ) (6)
Im

¢) Given that for |r| >> |ro|, the scattering amplitude may be approximated by
m .

f(0,9) =~ e Iexp(—zk x, W (r, J(r, )d’r,

1) Describe the Born approximation. 2)
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i1) Now invoke this approximation, and hence show that when the energy of the incoming
and scattered particle are small, the scattering amplitude reduces to

. m 3
10.9)=-— [r(r)d . (5)
1i1) Hence confirm that the total cross section in the case of low-energy soft sphere scattering
V, r<a 2mV,a’ ’
Viry=<" equals o =4r g : 8
") { 0 r>a a [ 3n’ j ®
END



